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ON SEVERI TYPE INEQUALITIES
ZHI JIANG
Abstract. We study Severi type inequalities for big line bundles on irregular varieties via
cohomological rank functions. We show that these Severi type inequalities are related to
some natural defined birational invariants of the general fibers of the Albanese morphisms.
As an application, we show that the volume of an irregular threefold of general type is at
least 3
8
. We also show that the volume of a smooth projective variety X of general type and
of maximal Albanese dimension is at least 2(dimX)!. Moreover, if vol(X) = 2(dimX)!, the
canonical model of X is a flat double cover of a principally polarized abelian variety (A,Θ)
branched over some divisor D ∈ |2Θ|.
1. Introduction
Xiao proved an inequality among certain Chern numbers for surfaces with fibrations to
curves ([X]), which is now called Xiao’s slope inequality. Assume that f : X → C is a
relatively minimal and not locally trivial fibration from a smooth projective surface to a
smooth curve. Let g be the genus of a general fiber of f and let b be the genus of C. Then
Xiao showed that
K2S/C/
(
χ(OS)− (g − 1)(b− 1)
)
≥ 4(1−
1
g
).
Note that χ(OS) = χ(ωS) is a birational invariant of S. If S is minimal surface, then
K2S/C = K
2
S − 2KS · f
∗KC = vol(S)− 8(g − 1)(b− 1) and we can rewrite Xiao’s inequality
as an inequality between birational invariants:
vol(S) ≥
4(g − 1)
g
χ(ωS) +
(g2 − 1)(b− 1)
g
.
This inequality played an essential role in Pardini’s proof of Severi’s inequality of surfaces
([Par]). Assume that S is a surface of general type, of maximal Albanese dimension, then
vol(S) ≥ 4χ(ωX). Indeed, Pardini noticed that one can construct e´tale covers SM → S such
that vol(SM) = M
2q(S) vol(S) and χ(ωSM ) = M
2q(S)χ(ωS) and fibrations fM : SM → P
1
such that the genus of a general fiber of fM is O(M
2q(S)−2), for each M ∈ N. Applying
Xiao’s equality for these fibrations fM , Pardini proved that vol(S) ≥ 4χ(ωS), which is
called Severi’s inequality.
Severi’s inequality was extended to varieties of maximal Albanese dimensions of higher
dimensions independently by Barja [Bar] and Zhang [Zh1]. Let X be a smooth projective
variety of general type and of maximal Albanese dimension, then vol(X) ≥ 2(dimX)!χ(ωX).
A crucial feature in both proofs is that, by generic vanishing, one could regard χ(ωX)
as h0(X,ωX ⊗ Q), where Q ∈ Pic
0(X) is a general numerically trivial line bundle, and
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hence χ(ωX) ≥ 0. Note that this inequality gives a natural lower bound for vol(X) when
χ(ωX) > 0, however, χ(ωX) could be 0 in dimension ≥ 3 ([EL]).
A refined Severi’s inequality of surfaces was obtained by Lu and Zuo recently ([LZ]).
They proved that vol(S) ≥ min{9
2
χ(ωX), 4χ(ωX) + 4(q(X)− 2))}, which is crucial in their
classification of surfaces on the Severi line. In [BPS1], Barja, Pardini, and Stoppino intro-
duced continuous rank functions on abelian varieties and proved several important results,
including a simple proof of Barja and Zhang’s higher dimensional Severi’s inequality and
various refinements of Severi’s inequality in all dimensions.
The two questions which we are interested in in this article are the followings.
(1) Does there exist Severi type inequalities on general irregular varieties ?
(2) Does there exist refined Severi type inequalities for varieties of maximal Albanese
dimensions, taking into account the irregularities of the varieties ?
Note that Barja and Zhang have independently proved Severi type inequalities on varieties
of Albanese fiber dimension one.
Theorem 1.1 (Barja [Bar]). Let f : X → A be a morphism from a smooth projective
variety of general type to an abelian variety. Assume that dimX − dim f(X) = 1. Let C be
a connected component of a general fiber of f . Then
vol(X) ≥ (dimX − 1)!χ(f∗ωX).
This result was improved by Zhang.
Theorem 1.2 (Zhang [Zh1]). Under the same assumption, let g be the genus of C, then
vol(X) ≥ 2(dimX)!
g − 1
g + dimX − 2
χ(f∗ωX).
In this article, we follow the method of Barja, Pardini, and Stoppino [BPS1], who applied
continuous rank functions to study Severi type inequalities on varieties of maximal Albanese
dimensions. In [JP], cohomological rank functions on abelian varieties, which are general-
ization of continuous rank functions, were defined and studied. Let (A, l) be a polarized
abelian variety of dimension n and let F ∈ Db(A) be an object in the derived category of
bounded complexes of coherent sheaves, the i-th cohomological rank function is defined to
be a continuous function
hi
F
(xl) : R→ R
such that
hiF (xl) =
1
M2n
hi(A, µ∗MF ⊗ L
M2x ⊗Q),
where x ∈ Q, M2x ∈ Z, and Q ∈ Pic0(A) is a very general numerically trivial line bundle.
In [JP], some basic properties of cohomological rank functions have been studied. We know
that they are always continuous functions and we can compute the left and right derivatives
at each rational point. Hence it is possible to apply these functions to study Severi type
inequalities for general irregular varieties.
Let f : X → A be a morphism from a smooth projective variety to an abelian variety
and let F be a connected component of a general fiber of f over its image. Our main result
is a Severi type inequality of X which depends on Clifford or Noether type inequalities on
F . Here is one simple version and see Theorem 3.9 for the full statement.
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Theorem 1.3. Assume that the linear system |KF | induces a generically finite map of F .
Then
vol(F ) ≥ 2(dimX − dimF )!χ(f∗ωX).
Severi type inequalities naturally provide estimates of irregular varieties of general type.
We know by the seminar work of Hacon-McKernan [HM], Takayama [T], Tsuji [Ts] that
in each dimension n, there exists a positive lower bound ǫ(n) of the set of the volumes of
smooth projective varieties of general type of dimension n. In general this lower bound is
quite difficult to compute due to the singularities of minimal models of varieties of general
type in dimension ≥ 3. J.A. Chen and M. Chen proved that ǫ(3) ≥ 1
1680
in [CC2]. We can
also define ǫI(n) the lower bound of the set of the volumes of irregular smooth projective
varieties of general type of dimension n. J.A. Chen and M. Chen showed that ǫI(n) ≥
1
22
(see [CC1]).
Define ǫmAd(n) to be the lower bound of the set of the volumes of smooth projective
varieties of maximal Albanese dimension, of general type, and of dimension n. Then we
have the obvious bound
ǫI(n) ≤ min{
(
n
k
)
ǫmAd(k)ǫ(n− k) | 1 ≤ k ≤ n}.
It would be interesting to prove a similar lower bound for ǫI(n).
Our first application of Severi type inequality is to show that ǫmAd(n) = 2n!. In [BPS2],
the authors studied varieties X on the Severi line, namely vol(X) = 2(dimX)! and showed
that aX is always a degree 2 cover. With the help of this result, we can completely describe
n-dimensional varieties X of maximal Albanese dimension with vol(X) = 2n!.
Theorem 1.4. Assume that X is a smooth projective variety of maximal Albanese dimen-
sion and of general type. Then vol(X) ≥ 2(dimX)!. If the equality holds, then AX admits a
principal polarization Θ and the canonical model Xcan is a flat double cover of AX branched
over a divisor D ∈ |2Θ|.
We can also provide a better bound for ǫI(3), which is indeed close to the optimal bound.
Theorem 1.5. ǫI(3) ≥
3
8
.
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2. Preliminaries
2.1. Maximal continuously globally generated subsheaves.
Definition 2.1. A coherent sheaf F on an abelian variety A is said to be continuously
globally generated if for any open subset U of Pic0(A), the evaluation map
evU :
⊕
Q∈U
H0(A,F ⊗Q)⊗Q−1 → F
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is surjective.
Remark 2.2. Continuously globally generated sheaves were introduced by Pareschi and
Popa in [PP1]. They proved that M-regular sheaves are indeed continuously globally gener-
ated. Debarre [D2] gave a nice characterization: a coherent sheaf F is continuously globally
generated if and only if there exists M ∈ Z such that µ∗MF ⊗ Q is globally generated for
any Q ∈ Pic0(A). Moreover, a continuously globally generated sheaf is ample.
Lemma 2.3. Let F be a coherent sheaf on A. Then there exists a continuously globally
generated subsheaf Fc of F such that h
0(A,Fc ⊗ Q) = h
0(A,F ⊗ Q) for Q ∈ Pic0(A)
general. Moreover, for any isogeny µ : A′ → A between abelian varieties, (µ∗F )c = µ
∗Fc.
Proof. Let U0 be the open subset of Pic
0(A) consisting of Q such that h0(A,F ⊗Q) takes
the minimum value. Let Fc be the image of the evaluation map
evU0 :
⊕
Q∈U0
H0(A,F ⊗Q)⊗Q−1 → F .
Then it is clear that h0(A,Fc ⊗ Q) = h
0(A,F ⊗ Q) for Q ∈ Pic0(A) general. It suffices
to prove that Fc is continuously globally generated. We just need to show that for any
V ⊂ U0, the image FV of evV is exactly Fc. Note that FV ⊂ Fc. Moreover, for Q ∈ V ,
h0(A,FV ⊗Q) = h
0(A,Fc⊗Q) is the generic value. Hence by the semicontinuity theorem,
for all Q ∈ U0, we still have h
0(A,FV ⊗Q) = h
0(A,Fc ⊗Q). Thus the image of evV is the
image of evU0 .
For the second statement, we note that µ∗Fc ⊂ (µ
∗F )c and
h0(A′, µ∗Fc ⊗Q
′) = (deg µ)h0(A,Fc ⊗Q) = (deg µ)h
0(A,F ⊗Q) = h0(A′, µ∗F ⊗Q′),
where Q ∈ Pic0(A) general and µ∗Q = Q′. Hence (µ∗F )c = µ
∗Fc. 
Definition 2.4. We call Fc the maximal continuously globally generated subsheaf of F .
Remark 2.5. By the decomposition theorems in [CJ] and [PPS], we know that given a
morphism f : X → A from a smooth projective morphism to an abelian variety, there exists
a canonical decomposition
f∗ωX = FX
⊕
pB
⊕
i
p∗BFB,i ⊗QB,i,(1)
where FX is either 0 or a M-regular sheaf on A, pB : A→ B are quotients between abelian
varieties, FB,i are M-regular on B, and QB,i are torsion line bundles on A. It is clear that
(f∗ωX)c = FX .
Remark 2.6. It is worth noting that M-regular sheaves are continuously globally generated
but the converse is not true in general. The following is an example.
Let i : C →֒ AC be the Abel-Jacobi embedding of a genus g ≥ 2 curve. Let Θ be the theta
divisor of AC . Then we know by [JP] that h
0
i∗OC
(xΘ) = xg and h1i∗OC (xΘ) = g− 1− gx+ x
g
for 0 ≤ x ≤ 1. This statement implies that for any k ≥ 2 integer, let ik : Ck →֒ AC be
the pullback of i : C →֒ AC be the isogeny µk. Then h
0(AC , ik∗OCk ⊗ Θ
k ⊗ Q) = kg and
h1(AC , ik∗OCk ⊗Θ
k ⊗Q) = k2g(g − 1)− gk2g−1 + kg.
Let L = ik∗OCk⊗Θ
k and let Lc be its maximal continuously globally generated subsheaf.
Then h0(A,Lc ⊗Q) = h
0(A,L ⊗Q) > 0 for Q ∈ Pic0(A) general. Note that the cokernel
ON SEVERI TYPE INEQUALITIES 5
of Lc →֒ L is a 0-dimensional sheaf. Hence h
1(A,Lc ⊗ Q) > 0 for Q ∈ Pic
0(A) general.
Thus Lc is continuously globally generated but is not M-regular.
More generally, for a coherent sheaf F on A and a line bundle H of A, we consider
the Q-twisted sheaf F ⊗ Hx for x ∈ Q as in [JP]. For M ∈ Z such that M2x ∈ Z, the
sheaf (µ∗MF ⊗ H
M2x)c is well-defined. Moreover, by Lemma 2.3, (µ
∗
NMF ⊗ H
N2M2x)c =
µ∗N(µ
∗
MF ⊗H
M2x)c for any N ∈ Z. Hence we will formally define (F ⊗H
x)c upto abelian
e´tale covers.
We will apply the following notations.
Given f : X → A a primitive morphism from a smooth projective variety to an abelian
variety. For any coherent sheaf Q on X , we denote by Qc the image of the natural map
f ∗(f∗Q)c → Q.
If Q is a line bundle on X , we always take a birational modification such that Qc is also
locally free and hence is a nef line bundle. Indeed, µ∗MQ is globally generated for some
M ∈ Z. Similarly, we can define (Q ⊗ f ∗Hx)c for H a line bundle on A and x ∈ Q, upto
abelian e´tale covers and birational modifications.
2.2. The eventual maps.
Definition 2.7. Given f : X → A a primitive morphism from a smooth projective variety
to an abelian variety. Let L be a line bundle on X with Lc non-zero. We denote by
ϕL : X 99K ZL →֒ PA((f∗L )c) the relative evaluation map, where ZL is the image of ϕL .
We call ϕL the eventual map of L (with respect to f).
By the following lemma, our definition of the eventual map is compatible with the one
of Barja, Pardini, and Stoppino in [BPS1]. Following [BPS1], we will call ϕKX the eventual
paracanonical map of X .
Lemma 2.8. Let M ∈ N>0. Consider the e´tale base change
XM
µM
//
fM

X
f

A
πM
// A.
Let ϕM : XM 99K ZM →֒ P(H
0(XM , µ
∗
ML ⊗ f
∗
MQ)) be the natural evaluation map for
Q ∈ Pic0(A) general. Assume that M is sufficiently large, ϕM is birationally equivalent to
the base change by µM of ϕL .
Proof. By assumption Lc is not zero. Hence H
0(X,L ⊗ f ∗Q) = H0(X,Lc ⊗ f
∗Q) 6= 0 for
Q ∈ Pic0(A) general.
Let ϕL ,M : XM → ZL ,M be the base change by πM of ϕL . Then ϕL ,M is the relative
evaluation map XM 99K ZL ,M →֒ PA(π
∗
M(f∗L )c). By Lemma 2.3, we can regard ϕL ,M as
XM 99K ZL ,M →֒ PA(fM∗(µ
∗
ML )c) = PA(fM∗(µ
∗
ML )c ⊗Q).
Since H0(XM , µ
∗
ML ⊗Q) = H
0(XM , µ
∗
MLc ⊗Q), we have a natural factorization of
ϕM : XM
ϕL ,M
−−−→ ZL ,M
ρ
−→ ZM .
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We just need to prove that ρ is birational. Fix a very ample line bundle H on A and let
h be its class in Ne´ron-Severi group, by [JP] we know from the continuity of cohomological
rank functions that h0f∗Lc(xh) 6= 0 for ǫ ∈ Q>0 sufficiently small, which means that for M
sufficiently large we have h0(A, π∗Mf∗Lc ⊗ H
−1 ⊗ Q) 6= 0. Hence fM factors through ϕM .
Moreover, by the main result [D2], we know that π∗Mf∗Lc ⊗ Q is globally generated for
M sufficiently large. Thus ϕM and ϕL ,M are equivalent restricted on the generic point of
fM(XM). Hence ϕM and ϕL ,M are birationally equivalent.

Corollary 2.9. κ(L ) ≥ κ(Lc) = Nm(Lc) = dimϕL (X).
The eventual maps of varieties with maximal Albanese dimension have been studied in
[BPS3] and [J]. It turns out that the eventual paracanonical map of a variety of maximal
Albanese dimension and of general type is often birational, except when the variety has
some special irregular fibration structure. On the other hand, it seems difficult to say
something general about the structures of the eventual paracanonical maps for varieties of
higer dimensional Albanese fibers.
Lemma 2.10. Let S be a surface of general type, of Albanese fiber dimension 1. Let C
be a connected component of a general fiber of the Albanese morphsim. Then the eventual
paracanonical map of S is generically finite if g(C) ≥ 5.
Proof. Let aS : S → AS be the Albanese morphism of S. If q(S) = dimAS ≥ 2, then
aS(S) is a smooth curve of genus equal to q(S) and hence aS∗ωS is M-regular. The eventual
paracanonical map is then generically finite since the canonical map of C is generically finite.
We just need to deal with the case that AS is an elliptic curve. In this case, if ϕKS is not
generically finite, then by Remark 2.5, we know that the M-regular part of aS∗ωS is a line
bundle L or 0. On the other hand, d := χ(S, ωS) = χ(AS, aS∗ωS) − χ(AS, R
1aS∗ωS) > 0.
Since AS is an elliptic curve, R
1aS∗ωS = OAS . Hence the M-regular part of aS∗ωS is a line
bundle on AS of degree d. We may assume that S is minimal, and by Xiao’s inequality [X,
Lemma 2], we know that (2g(C)− 2)d < K2S ≤ 9χ(ωS) = 9d. Hence g(C) ≤ 5. 
Question 2.11. Pignatelli constructed in [P] a minimal surface S with K2S = 4 and pg =
q = 1 such that aS∗ωS is the direct sum of an ample line bundle and a torsion line bundle.
Hence the genus of a general fiber of the Albanese morphism is 2. We do not know any
examples where the genus of a general fiber of the Albanese morphism equal to 3 or 4. Is it
possible to classify those surfaces with ϕKS not generically finite ?
2.3. Volume functions and cohomological rank functions. In this article, we follow
the idea in [BPS1] to compare the volume functions and the cohomological rank functions
which are defined naturally on irregular varieties.
Let f : X → A be a primitive morphism from a smooth projective variety to an abelian
variety. Fix a very ample polarization H on A and denote by h its class. Let L be a
big line bundle on X . Let F (t) := volX(L + tf
∗H) and G(t) = h0f∗L (A, th). The volume
functions have been studied in [BFJ, ELMNP]. The definition and some basic properties of
the cohomological rank functions on abelian varieties can be found in [BPS1, JP].
Theorem 2.12. Let X be a smooth projective variety. Then the volume function vol :
N1(X)→ R is of class C 1. Moreover, let L be a big line bundle on X, let H be base point
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free with D ∈ |H| a general member, then d
dt
|t=t0 vol(L+ t0H) = (dimX) volX|D(L+ t0H),
where volX|D is the restricted volume function.
The restricted volume function volX|D is quite complicated on the pseudo-effective cone
of X . However, since D ∈ |H| general, we know that if M is big and nef, then volX|D(M) =
volD(M) = (M
dimD ·D)X ([ELMNP, Corollary 2.17]).
It follows from [JP] that G(t) is always continuous but is not necessarily of class C 1 in
general. The differentiability of G(t) is a bit complicated. At each rational point, the left
derivative and right derivative of g(t) exist. Assume D is an effective divisor of a smooth
projective variety X . Let F be a coherent sheaf onX . We denote byH0(X|D,F ) the image
of the restriction map H0(X,F )→ H0(D,F ⊗OD) and h
0(X|D,F ) = dimH0(X|D,F ).
Proposition 2.13. Let x0 ∈ Q. Let M ∈ Z be sufficiently big and divisible such that
M2x0 ∈ Z. Let πM : A→ A be the isogeny induced by the multiplication by M and consider
the Cartesian diagram
XM
µM
//
fM

X
f

A
πM
// A.
Since f is primitive, XM is connected and both πM and µM are e´tale morphisms of degree
M2g. Let DM be a very general section of f
∗
MH
M and let Q ∈ Pic0(A) be very general. Then
the right derivative at x0 of the function G(t) is equal to
limM→∞
1
M2g−1
h0(XM |DM , µ
∗
M(L ⊗H
x0)⊗ f ∗M(H
M ⊗Q))
and the left derivative is equal to
limM→∞
1
M2g−1
h0(XM |DM , µ
∗
M(L ⊗H
x0)⊗ f ∗MQ),
Both functions are indeed not easy to compute. Assume that t0 =
a
b
∈ Q, we may replace
L + t0f
∗H by (L + t0f
∗H)c to compute its 0-th cohomological rank function. Note that
(L + t0f
∗H)c is well-defined upto abelian e´tale covers and birational modifications, hence
vol((L+ t0f
∗H)c) :=
1
b2g
vol((µ∗bL+ abf
∗
bH)c) is well-defined and
F ′(t0) = (dimX) volX|D(L + t0f
∗H)
≥ (dimX) volX|D((L + t0f
∗H)c))
= (dimX) vol(D, (L + t0f
∗H)c |D),
where D ∈ |f ∗H| general and the last equality holds because (L +t0f
∗H)c is nef. Moreover,
for any M ∈ Z divisible by b and DM ∈ |f
∗
MH
M | general, we have
vol(D, (L + t0f
∗H)c |D) = ((L + t0f
∗H)c)
dimX−1 ·D)X
=
1
M2g
((µ∗ML +M
2t0f
∗
MH)
dimX−1
c · µ
∗
MD)XM
=
1
M2g−1
((µ∗ML +M
2t0f
∗
MH)
dimX−1
c ·DM)XM
=
1
M2g−1
vol(DM , (µ
∗
ML +M
2t0f
∗
MH)c |DM ).
8 ZHI JIANG
Put the above inequalities together, we have
F ′(t0) ≥
dimX
M2g−1
vol(DM , (µ
∗
ML +M
2t0f
∗
MH)c |DM ).(2)
On the other hand,
D−G(t0) = limM→∞
1
M2g−1
h0(XM |DM , µ
∗
M(L ⊗ f
∗H t0)⊗ f ∗MQ)(3)
= limM→∞
1
M2g−1
h0(XM |DM ,
(
µ∗M(L ⊗ f
∗H t0)c ⊗ f
∗
MQ
)
|DM )
≤ limM→∞
1
M2g−1
h0(DM ,
(
µ∗M(L ⊗ f
∗H t0)c ⊗ f
∗
MQ
)
|DM ).
for Q ∈ Pic0(A) very general.
By (2) and (3), we can argue by induction on the dimension to compare the volume
function vol(X,L + tf ∗H) and the cohomological rank function h0f∗L (A, th).
2.4. Clifford type inequalities. Clifford’s lemma on curve is probably the first result to
compare the degrees and the dimensions of global sections of mobile divisors on smooth
projective varieties. The following lemma is an application of Clifford’s lemma, which is
probably known to experts.
Lemma 2.14. Assume that C is a smooth projective curve and let D be a divisor on C
such that h0(D) ≥ 2.
(1) If g(C) = 0, then degD
h0(D)
≥ 1
2
and if g(C) = 1, degD
h0(D)
= 1;
(2) if g(C) ≥ 2, then degD
h0(D)
≥ 1 and equality holds only when C is hyperelliptic;
(3) if C is neither hyperelliptic nor trigonal and degD ≤ 2g(C)−2, then degD
h0(D)
≥ 2− 2
g(C)
.
Proof. Note that (1) and (2) follow directly from Riemann-Roch or Clifford’s lemma. We
just need to deal with (3).
Since h0(D) ≥ 2, we may and will assume that the linear system |D| is base point free.
Let ϕD be the morphism induced by |D|. Since C is neither hyperelliptic nor trigonal,
g(C) ≥ 5.
If degD ≤ g(C) − 1, Beauville showed in [B, Lemma 5.1] that if ϕD is birational, then
1
3
(degD+4) ≥ h0(D); if degϕD = 2, there exists a double cover π : C → C
′ such that D =
π∗D′+V and 1
2
degD+1−g(C ′) ≥ h0(D); if degϕD ≥ 3, then degD ≥ degϕD(h
0(D)−1).
In the first case, as ϕD is birational, we have h
0(D) ≥ 3. Hence degD
h0(D)
≥ 2 − 2
g(C)
, unless
possibly h0(D) = 3 and g ≥ 7. If degD
h0(D)
< 2− 2
g(C)
, we have degD < 6− 6
g
. Hence degD ≤ 5.
But if degD ≤ 5, then the arithmetic genus of ϕD(C) in P
2 is ≤ 6 and hence the geometric
genus of C is ≤ 6 which is a contradiction. In the second case, we have degD ≥ 2h0(D),
since C is not hyperelliptic. In the last case, we always have degD ≥ (2− 2
g
)h0(D), unless
deg ϕD = 3 and h
0(D) = 2 and g ≥ 5, which implies that C is trigonal.
We then assume that degD ≥ g(C). We may assume that h0(D) ≥ 1
2
degD ≥ 1
2
g,
otherwise nothing needs to be proved. If degϕD ≥ 3, then we still have degD ≥ 3(h
0(D)−1)
and hence degD
h0(D)
≥ 3 − 3
h0(D)
≥ 2 − 2
g(C)
, since g(C) ≥ 5. If degϕD = 2, then degD ≥
2 degϕD(C). Since C is not hyperelliptic, ϕD(C) is not rational. Hence deg ϕD(C) ≥ h
0(D)
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and degD ≥ 2h0(D). We then assume that ϕD is birational. If h
1(D) = h0(KC − D) = 0
or 1, then
degD
h0(D)
=
degD
1 + degD − g(C) + h1(D)
≥
degD
2 + degD − g(C)
≥ 2−
2
g(C)
.
If h1(D) ≥ 2, consider |KC −D| = |D
′|+ V , where V is the fixed divisor of |KC −D|. We
then apply refined Clifford’s lemma [ACGH, P137 B1],
g − 1 = |KC | ≥ |D|+ |D
′| ≥ (h0(D)− 1) + (h1(D)− 1) + 1.
Combining this inequality with Riemann-Roch, we have degD ≥ 2h0(D) − 1 and hence
degD
h0(D)
≥ 2− 2
g(C)
. 
In higher dimensions, we have less precise versions of Clifford type results.
Lemma 2.15. Let F be a smooth projective variety of dimension ≥ 2. Let D be a base point
free divisor on F whose complete linear system |D| induces a generically finite morphism
ϕD of F . Then
(1) vol(D)
h0(D)
≥ 1
dimF+1
;
(2) If F is not uniruled and ϕD is birational, then
vol(D) ≥ (dimF )(h0(D)− dimF − 1) + 1;
(3) If F is not uniruled, then vol(D)
h0(D)
≥ 2
dimF+1
and the equality holds if and only if
ϕD : F → P(H
0(D)) is surjective and is of degree 2.
Proof. Let dimF = n. Note that ϕD : F → P(H
0(D)) is generically finite onto its image
and ϕD(F ) is non-degenerate. Hence vol(D) = (D
n) ≥ degP(H0(D))(ϕD(F )) ≥ h
0(D) − n.
Thus vol(D)
h0(D)
≥ 1− n
h0(D)
≥ 1
n+1
.
If F is not ruled and ϕD is birational, we choose Hi, 1 ≤ i ≤ dimF −1 general hyperplane
section of |D| and denote by C its complete intersection. Then the global section of D
induces a birational morphism from C to a projective space Ph
0(D)−n. We denote by d =
vol(D) = (D · C), r := h0(D) − dimF ≥ 2, and let m = ⌊d−1
r−1
⌋. By Castelnuovo’s bound,
g(C) ≤ m(m−1)
2
(r−1)+mǫ, where d−1 = m(r−1)+ǫ. On the other hand, 2g(C)−2 = (KF+
(dimF − 1)D) ·DdimF−1 ≥ (dimF − 1)d. Here we applied the main result of [BDPP] which
says that F is not uniruled if and only if KF is pseudo-effective and hence KF ·D
dimF−1 ≥ 0.
Hence m(m − 1)(r − 1) + 2mǫ − 2 = (m − 1)(d − 1 − ǫ) + 2mǫ − 2 ≥ (dimF − 1)d. We
conclude that m ≥ dimF .
Assume that F is not ruled and ϕD is not birational, then deg ϕD ≥ 2 and hence vol(D) ≥
2(h0(D) − n). If ϕD is birational, then by (2), we have vol(D) ≥ n(h
0(D) − n − 1) + 1.
Combine these inequalities, we conclude that vol(D)
h0(D)
≥ 2
dimF+1
and the equality holds if and
only if ϕD : F → P(H
0(D)) is surjective and is of degree 2. 
The following definitions appear naturally in our context.
Definition 2.16. Let L be a line bundle on a smooth projective variety F . Assume that
the global sections of L define a generically finite map of F . For all smooth birational model
σ : F ′ → F , we consider all divisors D  σ∗L whose global sections define a generically
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finite map of F and let δ(L) to be the minimum of vol(F
′,D)
h0(D)
of all such D and let δ1(L) be the
minimum of vol(V,D|V ) of all such D, where V is a general positive dimensional subvariety
of F ′. Here a general subvariety means a subvariety which passes through a general point
of F ′ and hence its deformation dominates F ′.
Moreover, we define δ(F ) (resp. δ1(F )) to be the minimum of δ(L) (resp. δ1(L)) for all
line bundles L, whose global sections define a generically finite map of F .
By Lemma 2.15, if F is not uniruled, then δ(L) ≥ δ(F ) ≥ 2
dimF+1
and δ1(L) ≥ δ1(F ) ≥ 2.
For convention, we will let δ(F ) = δ1(F ) = 1 when dimF = 0.
These birational invariants are related to the irrationality degree and the covering gonality
(see [BDELU]). We recall that the irrationality degree irr(F ) of F is defined to be
min{degϕ | ϕ : F 99K PdimF is a dominate map}
and the covering gonality cov.gon(F ) is defined to be
min{gon(C) | an irreducible curve C ⊂ X through a general point x ∈ X}.
It is clear that
δ(F ) ≤
irr(F )
dimF + 1
and
δ1(F ) ≥ cov.gon(F ).
Indeed, we have
Lemma 2.17. δ(F ) ≥ min{ irr(F )
dimF+1
, 1}.
Proof. After birational modifications, we may assume that a base point free divisor D on F
computes δ(F ), namely δ(F ) = vol(D)
h0(D)
. If h0(D) = dimF +1, then δ(F ) = irr(F )
dimF+1
. If not, let
ϕD : F →W ⊂ P
dimF+s be the morphism induced by the global sections of D, where s ≥ 1.
Let degW = dW . Then choose s general points on W and take the projection from these
points. We get a map of degree dW − s from W to P
dimF . Hence degϕD(dW − s) ≥ irr(F ).
We note that
δ(F ) =
deg ϕD · dW
dimF + s+ 1
≥
dW irr(F)
(dW − s)(dimF + s+ 1)
.
Thus if dW ≤ dimF + s + 1, we have δ(F ) ≥
irr(F )
dimF+1
and if dW > dimF + s + 1, then
δ(F ) > 1. 
Remark 2.18. In [BDELU], the authors studied the irrationality degrees and the covering
degrees of very general hypersurfaces in projective spaces. They showed that if F is a
smooth hypersurface of degree d ≥ n+ 2 in Pn+1, then irr(F ) ≥ cov.gon(F ) ≥ d− n and if
F is a very general hypersurface in Pn+1 of degree d ≥ 2n+ 1, then irr(F ) = d− 1.
3. Higher dimensional Severi type inequalities
3.1. General line bundles. In this section, we prove Severi type inequalities for general
line bundles on an irregular variety X .
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We consider f : X → A a primitive morphism from a smooth projective variety to an
abelian variety. Let f : X
g
−→ V
h
−→ A be the Stein factorization of f . We assume that a
general fiber of g is F , dimF = n, and dimV = k ≥ 1.
Theorem 3.1. Under the above assumptions, let L be a line bundle on X such that Lc is
big. Then
vol(L) ≥ min{
(n+ k)!
n!
δ(F ), k!δ1(F )}h
0(A, f∗L⊗Q),
where Q ∈ Pic0(A) general. In particular, vol(L) ≥ k!h0(A, f∗L ⊗ Q) and vol(L) ≥
2k!h0(A, f∗L⊗Q) if F is not uniruled.
Proof. Let F (t) = vol(L+ tf ∗H) and G(t) = h0(A, f∗L⊗H
t ⊗Q). Let
t0 := {t ∈ Q | (L⊗ f
∗H t)c is big}.
By assumption, we know that t0 < 0.
Note that when n = 0, the above inequality comes from the usual Severi’s inequality due
to Barja [Bar] and Zhang [Zh1]. If k = 0, we can conclude simply by the definition of δ(F ).
We then argue by double inductions on k and n. Assume that Theorem 3.1 has been proved
when dimF < n or dimV < k. Let
N(F,m) := min{
(n+m)!
n!
δ(F ), m!δ1(F )}
for all m ∈ Z>0. Then by Lemma 2.17, N(F,m) ≥ m! and N(F,m) ≥ 2m! if F is not
uniruled.
For t > t0 rational, we have by (2) and (3) that
F ′(t) ≥
n + k
M2g−1
vol(DM , (µ
∗
ML+M
2tf ∗MH)c |DM )
and
D−G(t) ≤ limM→∞
1
M2g−1
h0(DM ,
(
µ∗M(L⊗ f
∗H t)c ⊗ f
∗
MQ
)
|DM ).
Since (L⊗ f ∗H t)c remains big on X , so is (µ
∗
ML+M
2tf ∗MH)c on DM . Hence by induction,
F ′(t) ≥ (n+ k)N(F, k − 1)D−G(t) for all t > t0. Thus we take integration from t0 to 0 and
have that
vol(L)− vol(L+ t0f
∗H)(4)
≥ (n+ k)N(F, k − 1)(h0f∗L(0h)− h
0
f∗L(t0h)).
After a small perturbation of t0, we may assume that t0 ∈ Q. If h
0
f∗L
(t0h) = 0, nothing
needs to be proved. Otherwise, n + k > κ((L + t0f
∗H)c) = k1 ≥ k. Take M sufficiently
large and divisible and consider the commutative diagram:
XM
ϕM
||③③
③③
③③
③③
fM

µM
// X
f

ZM
νM
""
❉❉
❉❉
❉❉
❉❉
❉
A
πM
// A,
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where ϕM is the eventual map of µ
∗
M(L+ t0f
∗H). By Lemma 2.8, µ∗M(L+ t0f
∗H)c = ϕ
∗
ML1,
where L1 is a line bundle on ZM , L1 = (L1)c, and
h0(XM , µ
∗
M(L+ t0f
∗H)c ⊗ f
∗
MQ) = h
0(ZM , L1 ⊗ ν
∗
MQ).
After birational modifications, we may also assume that ZM is smooth. By the induction
of dimF , we have
vol(ZM , L1) = (L
m
1 )ZM ≥ k!h
0(νM∗L1⊗Q) = k!h
0(fM∗(µ
∗
M(L+t0f
∗H))⊗Q) =M2gk!h0f∗L(t0h).
Note that by the definition of t0, κ(L+ (t0 + ǫ)f
∗H)c) = n + k for any ǫ ∈ Q>0 sufficiently
small. After replacing M by its multiple, we may assume that µ∗M((L+ (t0 + ǫ)f
∗H)c) is a
line bundle on XM and its eventual map is then generically finite. Thus
vol(X,L+ (t0 + ǫ)f
∗H) =
1
M2g
vol(XM , µ
∗
M(L+ (t0 + ǫ)f
∗H))
≥
1
M2g
(µ∗M(L+ (t0 + ǫ)f
∗H)n+kc )XM
>
1
M2g
(
(ϕ∗ML1)
k1 · µ∗M(L+ (t0 + ǫ)f
∗H)n+k−k1c
)
XM
.
Note that F is still a connected component of a general fiber of fM . Hence a connected
component V of some general fiber of ϕM is a general subvariety of F . Moreover, the
linear system of µ∗M(L + (t0 + ǫ)f
∗H)c defines a generically finite map of F . In particular,
(V · µ∗M(L+ (t0 + ǫ)f
∗H)n+k−k1c ) ≥ δ1(F ). Hence(
(ϕ∗ML1)
k1 · µ∗M(L+ (t0 + ǫ)f
∗H)n+k−k1c
)
XM
≥ δ1(F )(L
k1
1 )ZM ,
and thus
vol(X,L+ (t0 + ǫ)f
∗H) > δ1(F )k!h
0
f∗L(t0h).
By the continuity of volume functions, we conclude that
vol(X,L+ t0f
∗H) ≥ δ1(F )k!h
0
f∗L(t0h).(5)
Combine (4) and (5), we have
vol(L) ≥ min{(n+ k)N(F, k − 1), k!δ1(F )}h
0(A, f∗L⊗Q)
≥ N(F, k)h0(A, f∗L⊗Q).

Remark 3.2. Let LF := L|F . It is clear that under the assumption of Theorem 3.1, we
have vol(L) ≥ min{ (n+k)!
n!
δ(LF ), k!δ1(LF )}h
0(A, f∗L⊗Q).
Remark 3.3. If f∗L satisfies certain stable condition, the proof of Theorem 3.1 gives a
stronger inequality for L. For instance, it is easy to see that the following statement can be
proved by the same argument:
Assume that f : X → E is a surjective morphism to an elliptic curve, Lc is big, and f∗L
is a semistable vector bundle on E, then
vol(L) ≥ (dimX)
vol(LF )
h0(F, LF )
h0(f∗L⊗Q).
When n = 1, the general fiber F is a curve.
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Corollary 3.4. Let f : X → A be a morphism from a smooth projective variety to an abelian
variety and dim f(X) = dimX − 1. Denote by dC the gonality of a connected component C
of a general fiber of f . Let L be a big line bundle on X such that Lc is also big. Then
(1) vol(L ) ≥ (dimX − 1)!h0(A, f∗L ⊗Q);
(2) if g(C) ≥ 1, vol(L ) ≥ min{(dimX)!, dC(dimX − 1)!}h
0(A, f∗L ⊗Q);
(3) if g(C) ≥ 2 and C is neither hyperelliptic nor trigonal, and L |C≤ KC, then
vol(L ) ≥ min{(2− 2
g(C)
)(dimX)!, dC(dimX − 1)!}h
0(A, f∗L ⊗Q).
Proof. We conclude by combining Theorem 3.1 and Lemma 2.14. 
Similarly, if f : X → A be a morphism from a smooth projective variety to an abelian
variety and a general fiber F is a very general smooth hypersurface of degree d ≥ 2n+ 1 in
Pn+1. Then, we have
Corollary 3.5. Let L be a line bundle on X such that Lc is big, we have
vol(L ) ≥ min{
(dimX)!
n!
, (d− n)(dimX − n)!}h0(A, f∗L ⊗Q).
Proof. By Remark 2.18, we know that irr(F ) = d − 1 and cov.gon(F ) ≥ g − n. Hence by
Lemma 2.17, δ(F ) ≥ 1 and we also have δ1(F ) ≥ cov.gon(F ) ≥ g − n. We then conclude
by Theorem 3.1. 
In practice, we also need to deal with big line bundles L whose continuously globally
generated part Lc is not big. In this case, we denote by
X
ϕL
//
f

ZL
ρ
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
A
the eventual map of L and let G be a general fiber of ϕL.
Proposition 3.6. Then vol(L) ≥ vol(X|G,L)k!h0(A, f∗L⊗Q), for Q ∈ Pic
0(A) general.
Proof. By the construction of the eventual map, we may assume that ZL is smooth and
there exists a nef line bundle M on ZL such that ϕ
∗
LM  L and (f∗L)c = (ρ∗M)c. Then
vol(ZL,M) ≥ k!h
0(A, ρ∗M ⊗ Q) = k!h
0(A, f∗L ⊗ Q). On the other hand, we know by
[ELMNP, Proposition 2.11 and Theorem 2.13] that we can compute the volume or restricted
volume of a line bundle by the asymptotic intersection number and the Fujita approxima-
tion holds for the restricted volumes. To be more precise, for any ǫ > 0, after birational
modifications, there exists a decomposition L = A+E, where A is an ample Q-divisor and
E is an effective Q-divisor such that (AdimG ·G) > vol(X|G,L)− ǫ. We then conclude that
vol(L) ≥ (ϕ∗LM)
dimZL · AdimG > (vol(X|G,L)− ǫ) vol(ZL,M).

Remark 3.7. We could compare the above proposition with a different result. Assume
that h : X → Y is a fibration between smooth projective varieties of general type with a
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general fiber F . Then Kawamata [ZhD, Theorem 7.1] showed that
vol(X) ≥
(
dimX
dim Y
)
vol(F ) vol(Y ).
The main ingredient for such a nice bound is Viehweg’s weak positivity of f∗ω
m
X/Y .
Example 3.8. We consider the following example of Fletcher: Y ⊂ P(1, 3, 4, 5, 7) a general
degree 21 hypersurface. Then Y has only terminal isolated singularities and ωY = OY (1).
Let Y ′ be a smooth model of Y , then pg(Y
′) = 1 and vol(Y ′) = 1
20
. Let X = Y ′×C, where
C is a genus 2 curve. Then h0(AX , aX∗ωX ⊗ Q) = 1 and vol(X) =
2
5
. This example seems
to contradict Corollary B of [Bar].
3.2. Canonical bundle and pluri-canonical bundle. When the line bundle L is the
canonical or pluricanonical bundles, we can often drop the condition on the bigness condition
of Lc, due to the positivity of f∗L.
Theorem 3.9. Let f : X → A be a morphism from a smooth projective m-dimensional
variety to an abelian variety with F a connected component of a general fiber of f . Assume
that dimF = n.
(1) If |KF | induces a generically finite map of F . Then
vol(KX) ≥ min{
m!
n!
δ(KF ), δ1(KF )(m− n)!}h
0(A, f∗ωX ⊗Q).
(2) If |KF | induces a map, whose general fiber V is of dimension n1 < n, then
vol(KX) ≥ vol(F |V,KF )(m− n)!h
0(A, f∗ωX ⊗Q).
(3) If |rKF | induces a generically finite map of F , for some integer r > 1, then
rm vol(KX) ≥ min{
m!
n!
δ(rKF ), δ1(rKF )(m− n)!}h
0(A, f∗ω
r
X ⊗Q).
Proof. The proof is almost a direct application of Theorem 3.1. For (1), we need an extra
ingredient. By the decomposition theorem in Remark (1), we know that f∗ωX ⊗ H
ǫ is M-
regular and hence is continuously globally generated for all ǫ ∈ Q>0 sufficiently small. By
the assumption that |KF | induces a generically finite map of X , we conclude that (KX +
ǫf ∗H)c is big and thus we can apply Theorem 3.1 to conclude that vol(KX + ǫf
∗H) ≥
min{m!
n!
δ(KF ), δ1(KF )(m− n)!}h
0(A, f∗ωX ⊗H
ǫ ⊗Q), for Q ∈ Pic0(A) general. Let ǫ→ 0,
we finish the proof of (1).
The proof of (2) is similar. By the decomposition theorem, f∗ωX ⊗H
ǫ is M-regular and
hence the eventual map of (KX + ǫf
∗H) induces the canonical map of F . Hence we apply
Proposition 3.6 to conclude.
For (3), we simply note that f∗ω
r
X is IT
0 (see for instance [LPS]) and hence is M-regular
and we conclude directly by Theorem 3.1.

Combining Corollary 3.4 and Theorem 3.9, we have
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Corollary 3.10. Assume that F is a curve of genus g ≥ 2, then
vol(KX) ≥ min{m!, dF (m− 1)!}h
0(A, f∗ωX ⊗Q).
If F is neither hyperelliptic nor trigonal, then
vol(KX) ≥ min{(2−
2
g(F )
)m!, dF (m− 1)!}h
0(A, f∗ωX ⊗Q).
If F is a generic curve of genus g ≥ 5, then
vol(KX) ≥ min{(2−
2
g(F )
)m!, ⌊
g + 3
2
⌋(m− 1)!}h0(A, f∗ωX ⊗Q).
Proof. Only the last part needs to be explained. Indeed, if F is a generic curve of genus
g ≥ 5, then dF = ⌊
g+3
2
⌋ ≥ 4. Hence we conclude by Corollary 3.4 and Theorem 3.9. 
Corollary 3.11. Assume that F is a surface of general type. Then
vol(KX) ≥ (m− 2)!h
0(A, f∗ωX ⊗Q).
Furthermore, unless that vol(F ) = 1, we will always have
vol(KX) ≥ 2(m− 2)!h
0(A, f∗ωX ⊗Q).
Proof. We apply Theorem 3.9. Note that if pg(F ) = 0, then nothing needs to be proved.
If |KF | is generically finite, then by (1) of Theorem 3.9, vol(KX) ≥ 2(m−2)!h
0(A, f∗ωX⊗
Q).
If |KF | induces a map to a curve, and let V be a general pencil of KF . By (2) of
Theorem 3.9, vol(KX) ≥ vol(F |V,KF ) vol(ZL,M) ≥ vol(F |V,KF )(m− 2)!h
0(A, f∗ωX ⊗Q).
Let σ : F → F0 be the morphism from F to its minimal model. Then vol(F |V,KF ) ≥
(σ∗KF0 · V ). By Noether’s inequality ([BHP, Chapter VII, Theorem 3.1]), we know that
K2F0 ≥ 2pg(F ) − 2. Hence we conclude by Hodge index that vol(F |V,KF ) ≥ 2, unless
vol(KF ) = 1 and pg(F ) = 2. If pg(F ) = 1, then vol(KX) ≥ vol(KF )(m−2)!h
0(A, f∗ωX⊗Q).

Corollary 3.12. Assume that F is a very general hypersurface of degree d ≥ 2n + 1 in
Pn+1, then
vol(X) ≥ min{
(dimX)!
n!
, (d− n)(dimX − n)!}h0(A, f∗ωX ⊗Q).
Proof. This is a corollary of Theorem 3.9 and Corollary 3.5. 
4. Irregular varieties with small volumes
Severi type inequalities provide a way to estimate the volumes of irregular varieties. Note
that varieties of general type in dimension ≥ 3 could have rather small volumes due to the
singularities of their minimal models. A general hypersurface X46 ⊂ P(4, 5, 6, 7, 23) is a
minimal threefold with volume 1
420
. On the other hand, Chen and Chen proved in [CC1]
that if X is an irregular 3-fold, then vol(X) ≥ 1
22
. We will study in this section irregular
varieties with small volumes via the Severi type inequalities proved in last section.
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4.1. Varieties of maximal Albanese dimension. Let A be an abelian variety. We will
denote by ΦP : D
b(A)→ Db(Pic0A) the Fourier-Mukai transform induced by the normalized
Poincare´ line bundle P on A× Pic0(A).
Proposition 4.1. Let X be a smooth projective variety of maximal Albanese dimension
with χ(X,ωX) = 1 and vol(X) = 2n!. Then the canononical model Xcan is a flat double
cover of a princiaplly polarized abelian variety (A,Θ) branched over a divisor D ∈ |2Θ|.
Proof. Since vol(X) = 2n!χ(ωX), by [BPS1], we know that aX : X → AX is surjective
and is of degree 2. Let aX∗ωX = OA ⊕ L , where L is a rank one torsion-free sheaf. Let
aX : X
ρ
−→ X
g
−→ AX . We just need to show that the double dual H of L is a theta divisor.
Indeed, X is normal and is a double cover of AX , hence it is Gorenstein and KX = g
∗H .
If H = OA(Θ) is a theta divisor, by the assumption that χ(X,ωX) = 1, we conclude that
χ(A,L ) = 1 and hence L = H = OA(Θ) is a theta divisor on A. Thus we have ρ∗ωX = ωX .
Hence X has canonical singularities and is the canonical model of X .
We now write L = H ⊗ IZ , where H is an ample line bundle on A. The idea is to
compare the two functions vol(KX + ta
∗
XH) and h
0
aX∗ωX
(th). By [BPS2, Page 11, proof
of Theorem 1.2], we know that vol(KX + tH) = 2n!h
0
aX∗ωX
(th) for t ≤ 0. Note that
χ(X,ωX) = 1, hence χ(A,H ⊗ IZ) = 1. Since L = H ⊗ IZ is also M-regular, we know
that ΦP(L
∨) = RnΦP(L
∨)[−n] is a shifted rank 1 torsion-free sheaf by [PP2, Corollary
3.2]. Hence R0ΦP(L ) = H om(R
nΦP(L
∨),OA) is a line bundle (see for instance [PP3,
Lemma 2.2]). Let ϕH : A → Pic
0(A) be the isogeny induced by H . Then, from the short
exact sequence
0→ ϕ∗HR
0ΦP(L )→ ϕ
∗
HR
0ΦP(H) = (H
−1)⊕χ(H),
we conclude that R0ΦP(L ) = H1 is a negative line bundle. Indeed, H
−1
1 ⊗H
−1 is effective.
By the main result of [JP], we know that
h0aX∗ωX (th) =
(−t)n
χ(H)
χ(ϕ∗HR
0ΦP(L )⊗H
−1
t ) =
1
n!χ(H)
(H − tH1)
n
A
for t < 0 sufficiently close to 0. On the other hand, aX : X → AX also factors through the
canonical model of X . We write aX : X
σ
−→ Xcan
g1
−→ AX . Then
vol(KX + ta
∗
XH) = vol(KXcan + tg
∗H) = (Kcan + tg
∗
1H)
n
Xcan
for t < 0 sufficiently close to 0. Comparing the coefficients of tn and tn−1, we have
(−H1)
n
A = χ(H)(H
n)A
and
(Kcan · g
∗
1H
n−1)Xcan =
2
χ(H)
(H · (−H1)
n−1)A.
Note that we have the natural birational morphism Xcan → X , hence (Kcan · g
∗
1H
n−1)Xcan =
(KX · f
∗Hn−1)X = 2(H
n)A. Thus (−H1)
n
A = (H · (−H1)
n−1)A. Hence H
−1
1 is alge-
braically equivalent to H . Note that ϕ∗HR
0ΦP(L ) = H
−1, where degϕH = χ(H)
2. Hence
(−1)nχ(H) = χ(H)2χ(R0ΦP(L )) and we conclude that χ(H) = 1 and H = OA(Θ) is a
theta divisor. 
Corollary 4.2. Let X be a smooth projective variety of general type with maximal Albanese
dimension. Then vol(X) ≥ 2n! and equality holds if and only if the canonical model of X is
a flat double cover of a principally polarized abelian variety (A,Θ) branched over a divisor
D ∈ |2Θ|.
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Proof. By the last proposition, we just need to deal with the case that χ(X,ωX) = 0.
When dimX = 3, by the main result of [CDJ], the canonical model f : Xcan → AX is a flat
Z22−cover, there exists an isogeny ρ : AX → E1×E2×E3 and a∗ωX = OA⊕L1⊕L2⊕L3,
where Li are line bundles on AX whose Iitaka fibration is the natural morphism AX →
Ej × Ek, where {i, j, k} = {1, 2, 3}. Moreover, 2Kcan = f
∗(L1 ⊗L2 ⊗L3) is a line bundle.
We conclude that vol(X) ≥ 24.
In higher dimensions, such characterization is not available. Let dimX = n. We argue
by induction on dimensions to prove that vol(X) > 2(dimX)! when χ(ωX) = 0.
Assume that vol(Y ) > 2(dimY )! for all Y smooth projective of maximal Albanese dimen-
sion and of general type of dimension < n, and χ(ωY ) = 0. We apply Setting 3.2 of [JLT]
of X . Namely, there exists a codimension-k component [Q] + B̂ of V k(ωX) with 0 < k < n
maximal, where B̂ is an abelian subvariety of Pic0(AX), Q is a torsion line bundle and
[Q] ∈ Pic0(AX) is the corresponding point. Taking the natural quotient AX → Pic
0 B̂ := B
and taking Stein factorization, we have the following commutative diagram
X
aX
//
h

AX

Y // B,
where after birational modifications, all varieties are smooth. Let F be a general fiber of h.
Note that by [JLT], we know that there are two cases, either Q is the trivial line bundle or
Q is torsion and non-trivial.
If Q is the trivial line bundle, then Y is of general type. Hence by Kawamata’s result [ZhD,
Theorem 7.1], vol(X) ≥
(
dimX
dimY
)
vol(Y ) vol(F ). Hence by induction, we have vol(X) ≥ 4n! in
this case.
In the second case, X → B is a fibration. We know that Pic0(B) is the neutral component
of H := ker(Pic0(X)→ Pic0(F )). We take a finite group G ⊂ H such that G+Pic0(B) = H
and G∩Pic0(B) = [OX ]. Let A˜X → AX be the e´tale cover induced by G and let X˜ → X be
the corresponding base change and let X˜ → Yˆ → B be the Stein factorization of the natural
morphism X˜ → B. After birational modifications, we may assume that Yˆ is smooth. We
have the commutative diagram
X˜
π
//
q

X
p

Yˆ
ρ
// B.
Then F is still a general fiber of q and ρ is a birational G-cover and
ρ∗ωYˆ =
⊕
[Q]∈G
LQ,
18 ZHI JIANG
where LQ = R
kp∗(ωX ⊗Q) and LQ is M-regular for all [Q] non-zero due to the maximality
of k (see [JLT, Section 3]). Hence χ(ωYˆ ) ≥ |G| − 1 and vol(Yˆ ) ≥ 2(|G| − 1)(dim Yˆ )! Hence
vol(X) =
1
|G|
vol(X˜) ≥
1
|G|
(
dimX
dim Yˆ
)
vol(Yˆ ) vol(F )
≥
4(|G| − 1)
|G|
(dimX)! ≥ 2(dimX)!.
Note that if vol(X) = 2(dimX)!, then |G| = 2, vol(Yˆ ) = 2(dim Yˆ )!, and vol(F ) = 2(dimF )!.
In the following we will argue by contradiction to see that we cannot have all the equalities.
By induction, the canonical model of F is a flat double cover of AF branched over DF ∈
|2ΘF |, where ΘF is a principal polarization on AF . Let K be the kernel of A˜X → B. By
the construction of X˜ , the natural morphism F → K is primitive. Hence K ≃ AF and
F → K is of degree 2. Thus X˜ → A˜X is of degree 4 and there exists a birational involution
σ1 acting on X˜ whose restriction on F is the canonical involution.
We claim that X˜ → A˜X is indeed a birationally (Z2×Z2)-cover. Indeed, since χ(ωX) = 0,
the decomposition of aX∗ωX has a special form. Indeed, (aX∗ωX)c = 0. By the same
argument as above, we conclude that each direct summand of aX∗ωX is indeed a nef line
bundle and hence after possibly a further abelian e´tale cover, X˜ → A˜X has 3 independent
involutions. Thus X˜ → A˜X is indeed a birationally (Z2 × Z2)-cover. Hence so is X → AX .
But since X → B is a fibration, we conclude that F is a birationally (Z2 × Z2)-cover of
the kernel of AX → B, which is obviously a contradiction to the assumption that vol(F ) =
2(dimF )!. 
4.2. Irregular threefolds. For general irregular varieties, the picture is not clear. We
focus on irregular threefolds and have some partial results.
Proposition 4.3. Let X be a 3-fold of general type, of Albanese fiber dimension 1. Then
vol(X) ≥ 2.
Proof. By Corollary 3.10, vol(X) ≥ 4h0(AX , aX∗ωX ⊗Q) for Q ∈ Pic
0(X) general. We still
need to deal with the case that h0(AX , aX ∗ ωX ⊗ Q) = 0 for Q ∈ Pic
0(X) general. In this
case, the M-regular part of aX∗ωX is 0. By [JS], we know that the translates through the
origin of all irreducible component of V 0(aX∗ωX) generate Pic
0(X). Hence aX is surjective
and V 0(aX∗ωX) contains torsion translates of at least two different elliptic curves.
We may write aX∗ωX =
⊕
pi:A→Ei
⊕
j p
∗
iFij ⊗ Qij , where Fij are ample vector bundles
on Ei and Qij are torsion line bundles. Let E = E1, Q := Q
−1
11 , f := p1 ◦aX : X → E. Then
f∗(ωX ⊗ Q) is a vector bundle on E, which is the direct sum of F11 and some torsion line
bundles on E. In particular, h0(E, f∗(ωX ⊗Q)⊗ P ) 6= 0 for P ∈ Pic
0(E) general.
Moreover, we see that a general fiber Xt of f is an irregular surface, where t ∈ E. We
consider at : Xt → K the corresponding fiber of f . Hence at∗ωXt has a direct summand
Q11 |K . Hence an abelian e´tale cover of Xt is of maximal Albanese dimension. The Severi
inequality for surfaces vol(KXt) ≥ 4χ(ωXt) ≥ 4 holds for Xt. In particular, by a small
variant of Corollary 3.11, we have vol(KX ⊗Q) ≥ 2h
0(E, f∗(ωX ⊗Q)⊗ P ) for P ∈ Pic
0(E)
general. Hence vol(X) = vol(KX ⊗Q) ≥ 2.

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Theorem 4.4. Let X be an irregular threefold, then vol(KX) ≥
3
8
.
Proof. By Proposition 4.1 and Proposition 4.3, we just need to deal with the case that X
is of Albanese fiber dimension 2. By Corollary 3.11, if h0(aX∗ωX ⊗Q) > 0 for Q ∈ Pic
0(X)
general, then vol(X) ≥ 1. Hence we will assume that h0(AX , aX∗ωX ⊗ Q) = 0 and in
particular, aX : X → AX is a fibration onto an elliptic curve. Let F be a general fiber of
aX .
We first assume that |2KF | induces a generically finite map of F . Then by Theorem 3.1,
8 vol(KX) ≥ 2h
0(AX , aX∗ω
2
X ⊗Q).
If h0(AX , aX∗ω
2
X ⊗Q) ≥ 2, we are done.
If not, aX∗ω
2
X is a degree 1 vector bundle on AX . Hence aX∗ω
2
X is stable and we may
apply the observation in Remark 3.3 to conclude that
vol(KX) ≥
3 vol(KF )
2(χ(OF ) + vol(KF ))
.
We just need to show that 3 vol(KF )
χ(OF )+vol(KF )
≥ 3
4
. If q(F ) = 0, then by Noether’s inequality,
vol(KF ) ≥ 2pg(F ) − 4 and if q(F ) > 0, by Debarre’s inequality [D1], vol(KF ) ≥ 2pg(F ).
Hence if q(F ) 6= 0, 3 vol(KF )
χ(OF )+vol(KF )
≥ 2. If q(F ) = 0, we have 3 vol(KF )
χ(OF )+vol(KF )
≥ 1 unless pg(F ) = 2
and vol(KF ) = 1. In this case, vol(KX) ≥
3
8
.
If |2KF | is not generically finite, then by [BHP, Section VII, Theorem 7.4, Theorem
7.6], we know that pg(F ) = q(F ) = 0 and vol(KF ) = 1. We also know that a general
fiber of the map of |2KF | is a curve C with genus 3 or 4 (see [CP, Theorem 5.1]) and
hence the linear system |2KF0| has no base divisors and σ∗C ∈ |2KF0|, where σ : F → F0
is the morphism from F to its minimal model. Hence by Proposition 3.6, vol(2KX) =
8 vol(KX) ≥ 2 vol(X|C,KX). In this case, vol(X|C,KX) = vol(F |C, σ
∗KF0) = 2. Hence
vol(KX) ≥
1
2
. 
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